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Abstract 

Let w be a Muckenhoupt weight and H^(M. n ) be the weighted Hardy 
spaces. In this paper, by using the atomic decomposition of H^(R n ), we 
will show that the Bochner-Riesz operators Tr are bounded from H^(M. n ) 
to the weighted weak Hardy spaces WH!^(M. n ) when < p < 1 and 
8 = n/p — (n + l)/2. This result is new even in the unweighted case. 
MSC(2010): 42B15; 42B25; 42B30 
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1 Introduction 

The Bochner-Riesz operators of order 5 > in R™ are defined initially for 
Schwartz functions in terms of Fourier transforms by 

- — - / \f\ 2 \ s - 

(^/)(0=(l- i ^-) + /(0, 0<i?<oo, 

where / denotes the Fourier transform of /. The associated maximal Bochner- 
Riesz operator is defined by 

T£f(x) = sup \T s R f(x) | . 

fl>0 

These operators were first introduced by Bochner [T] in connection with 
summation of multiple Fourier series and played an important role in harmonic 
analysis. The problem concerning the spherical convergence of Fourier integrals 
have led to the study of their LP boundedness. As for their H p boundedness, 
Sjolin [17] and Stein, Taibleson and Weiss [18] proved the following theorem 
(see also [11, page 130]). 

Theorem I. Suppose that < p < 1 and 5 > n/p — (n + l)/2. Then there 
exists a constant C > independent of f and R such that 



T s R (f)\\ HP <C\\f\\ 



Hp- 
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In [T3], the authors also considered weak type estimate for the maximal 
Bochner-Riesz operator at the critical index S = n/p— (n+l)/2 and showed 
the following inequality is sharp. 

Theorem II. Suppose that < p < 1 and S = n/p — (n + l)/2. Then there 
exists a constant C > independent of f such that 

supA p |{x G I" : T s J(x) > A} | < C\\f\\ p HP . 

A>0 

In 1995, Sato [TS] studied the weighted case and obtained the following 
weighted weak type estimate for the maximal Bochner-Riesz operator T*. 

Theorem III. Let w G A\(Muckenhoupt weight class), < p < 1 and (5 = 
n/p — (n+ l)/2. TTien i/iere exists a constant C > independent of f such that 

sup AP • G R" : I?/(x) > A}) < C||/||^ . 

In [16] . Sato also showed that for n > 2, there exists a function / G (1L 1 , 
w6i4i, such that 

limsup|Tjj l 1 ^ 2 f(x)\=+oo almost everywhere. 

R— >cx> 

Hence, 5 = n/p — (n + l)/2 is indeed the critical index for the weighted case. 

In 2006, Lee [S] considered values of 8 greater than the critical index n/p — 
(n + l)/2 and proved the HP-L^ boundedness of the maximal operator T*. 
Furthermore, by using this strong type estimate of , Lee [5] also obtained the 
HP, boundedness of the Bochner-Riesz operator. 

The purpose of this article is to discuss the boundedness of Bochner-Riesz 
operators at the critical index n/p — (n + l)/2 on the weighted Hardy spaces. 
Our main result is stated as follows. 

Theorem 1.1. Let < p < 1, S = n/p — (n + l)/2 and w £ A%. Suppose 
that n(l/p — 1) is not a positive integer, then there exists a constant C > 
independent of f and R such that 

\\T R (f)\\ WHPw <C\\f\\ HPw , 

where WH^ denotes the weighted weak Hardy space. 

In particular, if we take w to be a constant function, then we can get 

Corollary 1.2. Let < p < 1 and 6 = n/p— (n + 1)/2. Suppose that n(l/p— 1) 
is not a positive integer, then there exists a constant C > independent of f 
and R such that 

\\T S R (f)\\ WHP <C\\f\\ HP , 
where WH P denotes the weak Hardy space. 
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2 Notations and definitions 



The definition of A p class was first used by Muckenhoupt [13] , Hunt, Mucken- 
houpt and Wheeden 7\ , and Coifman and Fefferman [2] in the study of weighted 
L p boundedness of Hardy-Littlcwood maximal functions and singular integrals. 
Let w be a nonnegative, locally integrable function defined on K"; all cubes are 
assumed to have their sides parallel to the coordinate axes. We say that w G A p , 
I < p < oo, if 

i / w(x)dx) (-^rr f w(x)- 1 ^^ dx) <C for every cube Q C M™ , 

\Q\ Jq J \ \Q\ Jq J 

where C is a positive constant which is independent of the choice of Q. 
For the case p = 1, w G Ai, if 

- — f w(x) dx < C ■ essinf w(x) for every cube Q C M™. 
\Q\ Jq xeQ 

A weight function w £ A^ if it satisfies the A p condition for some f < p < oo. 
It is well known that if w £ A p with I < p < oo, then w € A r for all r > p, and 
w G A q for some 1 < q < p. We thus write q w = inf{g > I : w G A^} to denote 
the critical index of w. 

Given a cube Q and A > 0, AQ denotes the cube with the same center as Q 
whose side length is A times that of Q. Q — Q(xq, r) denotes the cube centered 
at xq with side length r. For a weight function w and a measurable set E, 
we denote the Lebesgue measure of E by \E\ and set the weighted measure 
w(E) = J E w(x) dx. 

We give the following result that will be used in the sequel. 

Lemma 2.1 ([S]). Let w G A\. Then, for any cube Q, there exists an absolute 
constant C > such that 

w(2Q) < Cw(Q). 
In general, for any X > 1, we have 

w(XQ) <C-\ n w(Q), 

where C does not depend on Q nor on A. 

Lemma 2.2 ([6]). Let w G A\. Then there exists a constant C > such that 

\E\ w(E) 
\Q\ ~ w(Q) 

for any measurable subset E of a cube Q. 

Given a weight function w on K™ , for < p < oo , we denote by (M™ ) the 
weighted space of all functions satisfying 

ll/IUs = ( I \f(x)\ p w(x)dx) ^ <oo. 
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We also denote by WL%, (R n ) the weighted weak LP space which is formed by 
all functions satisfying 

WfWwiZ, = supA • w({x £ K" : |/(a:)| > A}) 1/p < oo. 

A>0 

We write y(M. n ) to denote the Schwartz space of all rapidly decreasing 
infinitely diffcrcntiable functions and y'(W l ) to denote the space of all tempered 
distributions, i.e., the topological dual of y(M. n ). For any < p < 1, the 
weighted Hardy spaces H^iW 1 ) can be defined in terms of maximal functions. 
Let if be a function in y(W l ) satisfying J R „ ip(x) dx — 1. Set 

ft(x) = t~ n if(x/t), t > 0, x £ M™. 

We will define the maximal function M+f(x) by 

M+f(x) = sup\(<pt*f)(x)\. 

t>0 

Then HP J (W l ) consists of those tempered distributions / £ y'iW 1 ) for which 
M+f £ LP,(« n ) with \\f\\ H p = p/+/|| L P . The real-variable theory of weighted 
Hardy spaces has been investigated by many authors. For example, Garcia- 
Cuerva [5] studied the atomic decomposition and the dual spaces of for 
< p < 1. The molecular characterization of for < p < 1 was given by 
Lee and Lin [S] . We refer the readers to [SJ El I2D] and the references therein for 
further details. 

Let us now turn to the weighted weak Hardy spaces, which are good substi- 
tutes for the weighted Hardy spaces in the study of the boundedness of some 
operators. The weak H p spaces have first appeared in the work of Fefferman, 
Riviere and Sagher [3]. The atomic decomposition theory of weak H 1 space on 
W 1 was given by Fefferman and Soria [1]. Later, Liu [TU] established the weak 
H p spaces on homogeneous groups. In 2000, Quek and Yang [T3] introduced 
the weighted weak Hardy spaces and established their atomic decompositions. 
Let w £ Aqo, < p < 1 and N = [n{q w /p — 1)]. Define 

s^n,w — \f> £ y(W l ) : sup sup (l + |x|) Ar+n+1 |L>>(x)| < l}, 

x6K" \a\<N+l ' 

where a = (ai, . . . , a„) £ (NU {0})™, |a| = ai H h a„, and 

dx 1 ^ 1 ■ ■ ■ dxn n 

For / £ ,y'(M. n ), the nontangential grand maximal function of / is defined by 

G w f(x)= sup sup \(<ft*f)(y)\- 
ip£^N,w \y— x\<t 

Then we can define the weighted weak Hardy space WH^IW 1 ) by WHP(R n ) = 
{/ £ y\W n ) : G w f £ WLP,(W 1 )} and \\f\\ WH * = \\G w f\\ WL v. In order to sim- 
plify the computations, we also use another equivalent definition of WHP(M. n ). 

WHP(R n ) = {/ e ,y'(M. n ) : Glf £ WLl(R n )}, 
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where G^f is called the radial grand maximal function, which is defined by 
Gt,f(x) = sup sup | ((ft * f)(x) | . 

Moreover, we set \\f\\ WH p = \\G+f\\ WL p. 

For w equals to a constant function, we shall denote WL^ (K n ), HP(R n ) and 
WHP(R n ) simply by WLP(R n ), H p (W n ) and WHP(W l ). 

Throughout this article C denotes a positive constant, which is independent 
of the main parameters and not necessarily the same at each occurrence. 

3 The atomic decomposition for weighted Hardy 
spaces 

In this article, we will use Garcia-Cuerva's atomic decomposition theory for 
weighted Hardy spaces in [5J [50]. We characterize weighted Hardy spaces in 
terms of atoms in the following way. 

Let 0<p<l<<7<oo and p 7^ q such that w € A q with critical index 
q w . Set [ • ] the greatest integer function. For s G Z + satisfying s > N = 
[n(q w /p— 1)], a real- valued function a(x) is called a (p, q, s)-atom centered at xo 
with respect to uu (or a w-(p, q, s)-atom centered at xq) if the following conditions 
are satisfied: 

(a) a <G i^(M") and is supported in a cube Q centered at Xq; 
3 ) IMUj, < w{Q) 1 / q ~ 1 l p \ 

(c) J Rn a(x)x a dx — for every multi-index a with \a\ < s. 

Theorem 3.1. Let 0<p<l<q<oo and p ^ q such that w £ A q with 
critical index q w . For each f <E fl^(R n ), there exist a sequence {aj} of w- 
(p,q, N)- atoms and a sequence {Xj} of real numbers with J^ - |Aj| p < 
such that f = • XjOj both in the sense of distributions and in the norm. 

4 Proof of Theorem 1.1 

The Bochner-Riesz operators can be expressed as convolution operators 

T S R f(x) = (<f> 1/R *f)(x), 

where 4>(x) = [(1 — | ■ | 2 )+]"(x) and 4>\/r{x) — R n 4>(Rx). It is well known that 
the kernel (j> can be represented as (see [T21 119j ) 

<f>(x) = ir- s T(S + l)\x\-^+^ J 9 +s(2tt\x\), 

where J M (i) is the Bessel function 

^) = rdlW(i)/- I 1 e, '* (1 - s2) " id8 ' 
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The following kernel estimates of these convolution operators are well known. 
For its proof, we refer the readers to [IS] . See also [11, page 121]. 

Lemma 4.1. Let < p < 1 and S = n/p — (n + 1)/2. Then the kernel 4> satisfies 
the inequality 

sup (1 + |x|)"/ p |D a ^(a;)| < C for all multi-indices a. 

In order to prove our main theorem, we shall need the following superposition 
principle on weighted weak type estimates. 

Lemma 4.2. Let w G A± and < p < 1. If a sequence of measurable functions 
{fj} satisfy 

w({x G K" : \fj(x)\ > a}) < a~ p for all j G Z 



iften we /lawe tta< Xjfj(x) is absolutely convergent almost everywh 



ere ano 



w({x G R" : | £ Aj/j(a;)| > a}) < |-| • a"" 

j 

Proof. The proof of this lemma is similar to the corresponding result for the 
unweighted case which can be found in [T8]. See also [11, page 123]. □ 

We now prove the following estimate which plays a key role in the proof of 
our main result. 

Lemma 4.3. Let 0<p<l<q< oo, S = n/p — (n + l)/2 and w G A\. Then 
for any given w-(p, q, N)-atom a with support contained in Q — Q(xQ,r), we 
have 

r n /p 

T*{a)(y) < C ■ — j-w(Q) /p whenever \y - x \ > y/nr. 

Here, and in what follows, we always denote N = [n(q w /p — 1)] = [n(l/p — 1)]. 

Proof. Actually, this lemma was essentially contained in [8]. For the sake of 
completeness, we give its proof here. For any e > 0, we write 

(4> e *a)(y)=e- n [ JV—i) a ( z ) dz. 

jQ(xo,r) K £ ' 

Let us now consider the following two cases. 

(i) < e < r. Note that S = n/p — (n + l)/2, then by Lemma 4.1, we have 

|(4*a)(2/)|<C- £ »/P-n f -^%-dz. 

Jq(x ,t) \y - A lv 



G 



By our assumption, when z € Q(xo,r), then we can easily get \y — z\ > \y ■ 



x \ — \z — x \ > \ y 2 X °^ . Observe that < p < 1, then n/p - n > 0. Hence 



|(&*a)(tf)| <C 



\y-X \ n / p J Q (x ,r) 



z) \ dz. 



(1) 



Denote the conjugate exponent of q > 1 by q' = q/(q — 1). Using Holder's 
inequality, the A q condition and the size condition of atom a, we can get 



Q(x ,r) 



\a(z)\ dz < 



1/9 



Q(x ,r) 



{w{z)- 1 ' q ) q dz 



a(z)\ w(z)dz 

Q(x ,r) 

<C ■\\a\\ Ll \Q{x ,r)\w{Q)- 1 l' i 

<C-\Q(x ,r)\w(QT 1/p - (2) 
Substituting the above inequality (2) into (1), we thus obtain 

r n/p 



\(4>e*a)(y)\<C- 



\y - x \ 



(3) 



(ii) e > r. It is easy to see that the choice of TV in this lemma implies 
n+ x + i < P < TiTn- Using the vanishing moment condition of atom a, Taylor's 
theorem and Lemma 4.1, we deduce 



\{4>e*a)(y)\=e- n 



< e 



I K 

JQ(x ,r) L v 

^~2T' Jc 



E 

| 7 |<W 



7 ! 



\—r-) \ a{z) 



dz 



2e 

-N+l 



<C- 



r JV+i r 

n+N+1 J 



E 

0(xo,r) | 7 | =JV+1 

y - Xq - 0(z - Xq) 



-7 i( V-xo-9(z-x a ) - 



WW 



v! 



\a(z) I dz 



Q(x ,r) 



-n/p 



\a{z) I dz, 



where < 6 < 1. As in the first case (i), we have \y — x \ > 2\z — x \, which 
implies \y — x - 9(z — xq)\ > \y — x \ — \z — x \ > \ v ~^° \ . This together with 
the inequality (2) yields 



\{<pe*a)(y)\ <C 



r n+N+l 



£ n+N+l-n/p \y _ x An/p 



w{Q) 



-i/p 



Observe that n + N + 1 - n/p > 0, then for e > r, we have £ n+N+1 n l' p > 



r n+N+l-n/p 



Consequently 



*a)(y)\ <C- 



r n/p 



\y - 



I n/p 



w(Q) 



-i/p 



(4) 



Summarizing the estimates (3) and (4) derived above and taking the supremum 
over all e > 0, we obtain the desired inequality. □ 
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We are now in a position to give the proof of Theorem 1.1. 

Proof. By the atomic decomposition theorem (Theorem 3.1) and Lemma 4.2, it 
suffices to show that for any w-(p, q, iV)-atom a, there exists a constant C > 
independent of a such that ||G+(Tj,a)|| l y i p < C . 

Let a be a w-(p, q, iV)-atom with suppa C Q = Q(xq, r),0<p<l<q< oo, 
and let Q* = (4^/n)Q. For any given A > 0, we write 

\V-w({xEW n :\G+(Tia)(x)\>\}) 
< \? ■ w({x G Q* : \G+(T s R a)(x)\ > A}) + A^ • w({x G (Q*) c : \G+(T s R a)(x)\ > A}) 
= A +h- 

Let us deal with the term Zj first. Applying Chebyshev's inequality and Holder's 
inequality, we obtain 

h< I \G+(T R a)(x)\ P w(x)dx 

JQ* 

/ r \P/l / r \ l-p/<3 

< (^jf ^(^(xJlV^^J \J Q w ^ dx ) 

< IIG+^H^^CQ*) 1 -^. 

Since < p < 1 and S = n/p — (n + l)/2, then (5 > (n — l)/2. In this case, it is 
well known that (see [TH [19] ) 

T?a(x) < C ■ Ma{x), 

where M denotes the Hardy-Littlewood maximal operator. In addition, we can 
easily see that for any function /, the following inequality holds 

G+f(x) < C ■ Mf(x). 

Since w G A%, then w G A q for any 1 < q < oo. Hence, it follows from the L*, 
boundedness of M and Lemma 2.1 that 

h <C ■ \\T!{a)\\ P Ll w(Q*) 1 - p/q 
<C ■\\a\\ P Ll w{Q) 1 - p/ ' 1 

< C (5) 

We now turn to estimate the other term I-i. First, we claim that for every 
multi-index 7 with I7I < N and for any < R < 00, the following equality holds 



f T s R a(y)y^dy = 0. (6) 
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In fact, by using the Leibnitz formula and vanishing moment condition of atom 
a, we thus have 

/ T s R a(y)yidy=(T s R a(y)y->y(0) 

= C-^(7>)(0) 

= C-DT(^-o)(0) 

= C- J2 (D a ^R)(0)-(D^)(0) 

l«| + |/3| = |7l 

= o, 

which is the desired conclusion. Then by the equality (6) derived above, we can 
split the following expression into three parts and estimate each term respec- 
tively. 



U * (T s R a)(x) 



x-y 
t 



E 

| 7 |<JV 



|j/-x |<\/Hr 



7! v t ) 



\j\<N 



7! 



T|a(y) dy 



Vnr<\y— x a \< 



I 
J 

J\y-x 



7? 



dy 



| 7 |<JV 



h\<N 



= Ji + J 2 + -h- 
For the term Ji, by using Taylor's theorem, we then obtain 



(x -y\ ^ ^ r, v>{ s -r SL ) f y-xo \-r\ mS , w 

I— J - L — ^ — C — * — J \ T n<y) d y 

I I — 7V7" ' 



\ t J J b 



\v-xo\<Vnr | 7 | =A r+l 



7 ! 



\T!a(y)\dy, 



where < 6' < 1. For any a; <G (Q*) c and |j/ — x \ < y/nr, as before, we have 



\x - x - 9'(y - x )\ > 



|x— xpj 



Observe that <p £ £^n,wi then it follows from 



Holder's inequality and the size condition of atom a that 



J 1 < C- 

<c- 
<c- 



r N+l 



j-n+N+1 



f 

J\y- 



xo\< s/rir 



x-xq- 9'(y - x ) 



-n-N-l 



\Tta(y)\dy 



JV+1 



\x-x \ n+N + 



ill T *( a )IL« \Q(xo,2V^r)\w(Q(x ,2VEr)) 



-1/9 



JV+1 



\x-x \ n+N+1 

n+N+l 

< C ■ -, 7—rr-jw{Qy 1/p 



\x — x 



n+N+ 
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On the other hand, for the term J2, notice that \y — xq\ > y/nr and (p e s^n,; 
then by Taylor's theorem and Lemma 4.3, we deduce 



■h < t 



nr<\y-x Q \<^^ 



E 

2 | 7 |=JV+1 



x — xn — d'(y—xg) 



t 



N+l 



<c-r n 
<c- 



t n+N+l \ y _ Xo \N+l 



l/p 



^r<\y-x \<l^ii \X - X \ n + N + 1 t N + 1 \y-X 

r n/p 

, . „ , IC((J) ' ' i 

X0| <l£^0i 



\Tta{y)\dy 



^ w (Q)-^dy 



x-x \ n+N+1 



J \/nr<\y- 



\y - x 



iN+l-n/p 



dy. 



If we rewrite this integral in polar coordinates and note the fact that — 1 < 
n + N — n/p < 0, then we can get 



V*r<\y-x \<&^ 



\y- x o\ 



iN+l-n/p 



dy<C- 



l^-^o I 



y/nr 



p 



n+N —n/p 



dp 



So we have 



Jo < C- 



< C ■ \x — x 

,,/p^iQ) 



in+N+l — n/p 



\x - xo\ 

For the last term J 3 , when x € {Q*) c , then it is easy to see that \y — x \ > 
\ x ~2°\ > ^fnr. Therefore, it follows from Lemma 4.3 and the fact ip € s^n,w 
that 



< C 



J\y-X \>^l 

I { 



x — y 



N 

•EE I 

3=0 | 7 |=J 



y - %o 



t 



\T*a(y)\dy 



N 



<C-w(Q)- 1/p 



\<Pt(x-y)\ + 

3=0 

r n/p 



i/p 



x - x \ n +3 J \y - x \ n/p 



N 



dy 



v r ' nlv 

\x-x \ n /P lmlL1 + \x-x \ n +i J ly _ XQ> i^pA \y - x \ n >' " 



By our assumption (say n(l/p — 1) is not a positive integer), we know that 
n/p — n > N — [n(l/p — 1)]. Thus we have n/p — n — j > for any < j < N. 
Making use of the polar coordinates again, we obtain 

S , -<°-r — 7 — ■ — ~ dp 



<C- 



x - x \ n /P- n -i ' 



Hence 



r n/p 

J 3 <C--, —MQ)- 1 ^. 



\x - X \ n /P 
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Therefore, combining the above estimates for J\, Ji and J3, and then taking 
the supremum over all £ > and all ip e srfjq w, we finally obtain that for any 

x e (Q*) c , 

/ n+N+l n/p \ 



<c- t „ r '\„„M Q)-"*. m 



n/p 



X - X 



l/p 



Without loss of generality, we may assume that the absolute constant C 
appearing in the above inequality is bigger than one. For any fixed A > 0, we 
are going to consider two cases. If A > C ■ - — r J\ n/v w(Q)^ 1 ^ p , then for any 

x € (Q*) c , we have \x — xq\ > 2y / nr. Thus in view of (7), we can easily see that 
{x e {Q*) c : |G+(T^a)(a;)| > A} = 0. Hence, in this case, the inequality 

h < C 

holds trivially. Now suppose that A < C ■ - — r ^\ n i„ w(Q)~ 1 / p . If we set 



,, . , ^ ■ \Q\ 



l/n 

then it is not difficult to verify that R > 2^/nr > r and 

{x e (QT : \G+{T s R a)(x)\ > A} C {x e R" : \x - x \ < R} C Q(x , 2R). 

Since w £ A\, then by Lemma 2.2, we can get (below, C is an absolute constant) 
~ |QQ ,r)| < w(Q(x ,r)) 



which is equivalent to 



\Q(x ,R)\ ~ w(Q(x Q ,R))-- 
R n ■ w(Q) 



w(Q(x Q ,R)) 



< 



< 



C-\Q\ 

C p 



C-\p 



Therefore 



h < \ p ■ w(Q(x ,2R)) 

<C p -C-\ (8) 

Combining the above estimate (8) with (5) and then taking the supremum over 
all A > 0, we complete the proof of Theorem 1.1. □ 

Remark. In the end, we would like to point out that the conclusions of Theorem 1.1 
and Corollary 1.2 are not generally true for the maximal Bochner-Riesz opera- 
tors T* ; because we can not deduce that satisfy the previous vanishing mo- 
ment condition (6). 
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